Although phased-array antennas have been widely employed in modern radars, the requirements of many emerging applications call for new more advanced array antennas. This paper proposes a flexible phased-array multiple-input multiple-output (MIMO) array antenna with transmit beamforming. This approach divides the transmit antenna array into multiple subarrays that are allowed to overlap each subarray coherently transmits a distinct waveform, which is orthogonal to the waveforms transmitted by other subarrays, at a distinct transmit frequency. That is, a small frequency increment is employed in each subarray. Each subarray forms a directional beam and all beams may be steered to different directions. The subarrays jointly offer flexible operating modes such as MIMO array which offers spatial diversity gain, phased-array which offers coherent directional gain and frequency diverse array which provides range-dependent beampattern. The system performance is examined by analyzing the transmitreceive beampatterns. The proposed approach is validated by extensive numerical simulation results.
Introduction
Phased-array antennas have been widely employed in different radars to provide electronic beam steering of radiated or received electromagnetic signals operating at the same frequency [1] [2] [3] . The beam can be steered to the desired direction by controlling the phase shifts across elements. It offers a directional gain which is useful for detecting/tracking weak targets and suppressing sidelobe interferences from other directions. If we want to focus the antenna beams in different directions, multiple antennas or a multi beam antenna are required [4] . The desire for new more advanced antenna array technologies has been driven by the requirements of many emerging applications [5] [6] [7] [8] [9] .
A different strategy is to employ multiple-input multipleoutput (MIMO), which has received considerable attention in recent years, particularly in radar society [10] [11] [12] [13] [14] . The essence of the MIMO antenna array used in radars is to employ multiple antennas for emitting orthogonal waveforms or noncoherent waveforms and multiple antennas for receiving the echoes reflected by the target [15] . The MIMO array has two benefits: spatial diversity gain [16] and increased degree of freedoms (DOFs) due to the fact that a MIMO array realizes a virtual aperture that is larger than the physical array of its phased-array counterpart [17] .
While MIMO array has many benefits over conventional phased-arrays, the former misses the directional gain. Intermediates between the two extremes were considered by jointly exploiting the benefits of the phased-array and MIMO array [18] [19] [20] [21] . An idea by dividing the transmit array into multiple disjoint subapertures was introduced in [18] . Closeform expressions to achieve wide transmit beampattern were further developed [20] . Based on this work, a phased-MIMO technique was investigated in [21] , which enjoys the advantages of the MIMO array without sacrificing the main advantages of the phased array in coherent processing gain.
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In this paper, we propose a flexible phased-MIMO antenna array with frequency diversity. We also divide the antenna array into multiple subarrays [21] . However, different from previous publications where an equal carrier frequency is employed in each subarray, here a distinct carrier frequency is employed in each subarray. That is, a small frequency increment is employed in each subarray. This provides an additional potential to suppress the grating lobes. This is particularly usefully when the subarrays are sparse (although randomly positioning the antennas can break up the grating lobes [22] , it will bring higher sidelobes). More importantly, by optimally designing the frequency increments across the subarrays, we can obtain a range-dependent beampattern which is of great importance because it provides many new application potentials. The originality of this paper lies in the investigation of the tradeoff of spatial diversity gain, the spatial multiplexing gain, and the range-dependent effect of the phased-MIMO array.
In summary, the proposed new array antenna as compared to conventional phased-arrays has the following several unique features:
(1) enjoys the advantages of the phased-array providing a directional gain at the look direction; (2) enjoys all the advantages of the MIMO arrays such as higher angular resolution [23] , higher DOFs, and improved parameter identifiability [24] ; (3) may provide range-dependent beampatterns which provides a potential to suppress range-dependent interferences; (4) enables the use of beamforming on transmit; (5) provides a potential to suppress the grating lobes; (6) offers a tradeoff between angular resolution and robustness against interference and noise.
The remaining sections are organized as follows. Section 2 introduces the background and motivation of our work. In Section 3, we present the flexible phased-MIMO array and discuss several practical issues. Next, the transmit beamforming for the new array is derived in Section 4. Finally, numerical simulation examples are performed in Section 5 to evaluate the system performance. This paper is concluded in Section 6 with a short discussion of future work.
Background and Motivation
To facilitate the subsequent comparison between our approach and conventional phased array and MIMO array, this section makes an short overview of phased array and MIMO array.
Conventional Phased Array.
Consider a phased array with M transmit elements and N receive elements, the transmitted signals can be represented by [25] a
where t is the range fast time, θ 0 is the beam direction, (·) * is a conjugate operator, and φ(t) is the baseband transmitted signal from each element. The transmit steering vector, and a(θ) is expressed as
where f 0 , d, c 0 and (·) T denote the carrier frequency, element spacings, speed of light and matrix transpose, respectively. The signal seen at a far-field target with angle θ i can be given by
when θ i = θ 0 , we can obtain a directional gain of M at the look angle of θ 0 . Suppose there are multiple interferences (θ i ) near the desired target θ 0 . The received signals can then be expressed as
where α i denotes the complex amplitude of the ith source, b(θ) is an N × 1 propagation vector due to the propagation delays from a source to the receive elements, and n(l) is the N × 1 additive white Gaussian noise vector with zero mean and covariance matrix σ 2 n I with I being an identity matrix. The b(θ) similarly defined as the transmit steering vector, and a(θ) is the receive steering vector. By matched-filtering the received signal to the transmitted signal φ(t), we can get
where the subscript "pa" denotes the general phased array and the virtual steering vector is
with β being the transmit beampattern directional gain. It can be easily proved that n has zero mean and covariance matrix σ 2 n I. 
where a(θ) and b(θ) are the transmit and receive steering vectors associated with the direction θ, s(t) is the M×1 vector collecting all transmitted waveforms, and the subscripts "mimo" denotes the general MIMO arrays.
Since the signals transmitted from each element are orthogonal, we have
where T p is the pulse duration, (•) is a complex matrix conjugate transpose, and I M×M is an M × M identity matrix. The received signals can be processed by a matched filter, which outputs an MN × 1 vector given by
where ⊗ denotes the Kronker product. The joint transmitreceive steering vector can then be expressed as
Comparing (6) and (10) we can see that MIMO array provides increased DOFs, higher angular resolution and better detection performance [26] . However, since orthogonal waveforms are employed in the transmitter [27] , transmit beamforming cannot be employed in MIMO arrays [28] ; therefore, it lacks robustness again noise and interference. It is thus necessary to jointly exploit the advantages of phased array and MIMO array, along with other techniques. This is just the motivation of this paper.
New Phased-MIMO Array
In this section, we introduce the new phased-MIMO array and discuss several practical implementation issues.
Flexible Phased-MIMO Array.
Like the general phased-MIMO array discussed in the literature [18] [19] [20] [21] , we divide the transmit array into multiple (K) subarrays which can be disjoint or overlapped, as shown in Figure 1 . Each transmit subarray can be composed of any number of elements ranging from 1 to M. However, unlike the general phased-MIMO array discussed in the literature, in this paper all elements in each subarray are used to coherently emit the signal s k (t) at a distinct carrier frequency. That is, a small frequency increment is employed between the subarrays. A beam can be formed by each subarray towards a certain direction. The beamforming weight vector can be properly designed to maximize the coherent processing gain. At the same time, different waveforms are transmitted by different subarrays.
Suppose the kth subarray consists of N k < M transmit elements, the equivalent baseband signal model can be modeled as with
where K is the number of subarrays, w k is the M × 1 unitnorm complex vector which consists of N k beamforming weights corresponding to the active antennas of the kth subarray, that is, the number of nonzeros in w k equals to N k and the number of zeros equals to M−N k . Note that √ M/K is used to obtain an identical transmission power constraint for subsequent comparison, which means the transmit energy within one pulse repetition interval (PRI) is given by 
Suppose the carrier frequency in each subarray is
where Δ f is the frequency offset. The signal reflected by a target located at direction θ can be modeled as [21] 
where σ(θ) is the target reflection coefficient, the w k and a k (θ) which contain only the elements corresponding to the active elements of the kth subarray are the N k × 1 beamforming vector and steering vector, and the slant range (r) dependent τ k (θ) is the required signal propagation time for the kth subarray. After matched-filtering the received signal by each of the waveform φ k (t), we can get an KN × 1 data vector
where is the Hadamard (element-wise) product, ⊗ is the Kronker product. The c(θ) and d(θ) are K ×1 vectors defined as
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Suppose that a target is located at angle θ 0 and D interference sources at θ i . By matched-filtering the received signal corresponding to each of the waveform φ k (t), we can get an KN × 1 data vector
with virtual steering vector
where n is the KN × 1 noise term. Specially, if Δ f = 0 is chosen for the progressively frequency increment between subarrays, (19) simplies to the general phased-MIMO array.
Discussions.
In the following, we discuss several practical issues related to the flexible array antenna.
Flexible Performance Specifics.
First, the flexible array is a tunable system that offers a continuum of operating modes from the phased array, MIMO array and frequency diverse array.
(1) If Δ f = 0 and K = 1 are chosen for the array, it is a general phased array which offers a coherent directional gain.
(2) If Δ f = 0 and K = M are chosen for the array and orthogonal waveforms are employed in each subarray, it is a general MIMO array which offers a spatial diversity gain.
(3) If Δ f = 0 and 1 < K < M are chosen for the array and orthogonal waveforms are employed in each subarray, it is a general phased-MIMO array which is a hybrid array that offers some of the directional gain of the phased-array and also some of the interference rejection capability of the MIMO array [20] .
(4) If Δ f / = 0 and K = M are chosen for the array and orthogonal waveforms are employed in each subarray, it is a MIMO array with frequency diversity. It has been proved in [29] [30] [31] [32] that the use of frequency diversity in MIMO array is useful.
(5) If Δ f / = 0 and K = M are chosen for the array and the same waveform is employed in each subarray, it is a frequency diverse array which provides a rangedependent transmit beampattern [33] [34] [35] [36] .
If Δ f / = 0 and 1 < K < M are chosen for the array, it can be formed to a phased-MIMO array with frequency diversity when orthogonal waveforms are employed in each subarray or the signals transmitted by each subarray are orthogonal in frequency. This can be used to suppress range-dependent interferences [37] .
Suppose the number of transmit elements are equal to the number of receive element, that is, M = N. Considering the DOF (Note that the DOF defined in MIMO radar may be different from that defined in MIMO communication. In most of MIMO radar literature, the DOF is defined as the number of independent spatial samples. Therefore, for an M × N MIMO radar system, there will be M × N DOFs available while no more than min (M, N) DOFs are available for an M × N MIMO communication system) performance, we have the following. 
Design Specifics.
One design specific is the grating lobe suppression which can be achieved by coherently combining the N k subbeams formed at different frequencies. Suppose the target's angle is θ 0 , the receive beam at the kth frequency can be represented by
where L is the spacings between two subarrays. The sidelobe decorrelation performance can be evaluated by the cross correlation function of two beams formed at two different frequencies [38] [39] [40] 
Thus, the two beams are decorrelated in the sidelobe region when
It is concluded in [38] that, the average sidelobe level is not impacted by the Δ f variations and the peak sidelobe level can be reduced by increasing the Δ f . On the other hand, to avoid target decorrelation happen in each subarray, the Δ f is limited by [41] 
where ζ is the length of the target, and 2ζ sin(θ) is the length of the target projected along the radar boresight. Note that this is a highly simplified model which is independent on the transmitted frequency. Moreover, to avoid signal decorrelation happen in each subarray, the Δ f is also limited by [42] 
Otherwise, the signals transmitted by each subarray will be orthogonal in frequency. Certainly, if frequency orthogonality between the subarrays is desired, the Δ f should be
Transmit-Receive Beamforming
To simplify the discussion on the transmit-receive beampattern performance, we rewrite the output of the matched filter for the several arrays introduced previously as
where u(θ, r) can refer to any of (6), (10) and (19), and d denotes the interference plus noise signal. Transmit beamforming can be employed for different subarrays such that certain beampattern and/or transmit power requirements are satisfied. In this paper, we use the conventional nonadaptive transmit-receive beamforming technique which is widely used in antenna array systems because it is known to be optimal in the sense that it provides the highest possible output signal-to-noise ratio (SNR) in the background of white Gaussian noise [43] . When the conventional nonadaptive beamformer is employed, the transmit beamformer vector can be written as
Similarly, the receive beamformer weight vector is
The corresponding normalized transmit-receive beampattern is expressed in
where a uniform linear array (ULA) is assumed.
Inspecting (30) we can obtain the following conclusions [21] .
(1) If Δ f = 0 and K = 1 are chosen for the array, the transmit-receive beampattern simplifies to
(2) If Δ f = 0 and K = M are chosen for the array and orthogonal waveforms are employed in each subarray, the transmit-receive beampattern simplifies to
(3) If Δ f = 0 and 1 < K < M are chosen for the array and orthogonal waveforms are employed in each subarray, the transmit-receive beampattern simplifies to
In this case, the d(θ) is range independent.
(4) If Δ f / = 0 and K = M are chosen for the array and orthogonal waveforms are employed in each subarray, the transmit-receive beampattern simplifies to 
(6) If Δ f / = 0 and 1 < K < M are chosen for the array and orthogonal waveforms are employed in each subarray, the transmit-receive beampattern simplifies to
It can be noticed that, when Δ f / = 0, the transmitreceive beampattern will be range dependent. Although (31) and (32), (34) and (35) are equivalent to each other, but they have different transmit beampattern and diversity beampattern. Therefore, the new phased-MIMO array as compared to the general phased-MIMO array provides more flexible operation modes such as phased-array, MIMO array, frequency diverse array, phased-MIMO array, and frequency diverse phased-MIMO array. Different transmit/receive or transmit-receive beampatterns can be obtained by applying different beamformer weight vectors.
Simulation Results and Discussions
First, we suppose Δ f = 0 which means that the array is just the general phased-MIMO array. Suppose the following Case (1) Case (2) Case ( Figure 2 shows the comparative transmit beampatterns. It can be noticed that the case (1) (phasedarray) has a directional gain but the case (2) (MIMO array) has no directional gain. Figure 3 shows the comparative diversity beampatterns. It can be noticed that the case 1 has no diversity gain but the case (2) has a diversity gain. Figure 4 shows the comparative overall transmit-receive beampatterns. It can noticed that the cases (1) and (2) have almost the same overall transmit-receive beampattern; Case (4) Case (5) Case ( however, the case (3) (phased-MIMO array) has a better overall transmit-receive beampattern. Next, we apply frequency diversity to the array, that is, Δ f / = 0. In this case, the beampatterns will be range dependent. It can be easily proved that the beampatterns in the angle dimension are still the same to the beampatterns when Δ f = 0. So, here we consider only the beampatterns in the range dimension. Suppose Δ f = 30 kHz and the beam direction range is r 0 = 10 km. Figure 5 shows the comparative transmit beampatterns in range dimension. It can be noticed that the case (4) (MIMO array with frequency diversity) provides no directional gain in range dimension but the case (5) (frequency diverse array) provides a directional gain. The case (6) (phased-MIMO array with frequency diversity) also provides a directional gain in range dimension, but it has a wider mainlobe due to its smaller aperture length. Figure 6 gives the comparative overall beampatterns in range dimension. It can be noticed that cases (4) and (5) have exactly the same overall transmitreceive beampattern in range dimension. At the same time, the case (6) has a wider mainlobe because fewer (K = 4) diverse frequencies are employed in it. Therefore, considering also the system complexity, K = 3 or 4 may be the most appropriate value for the K.
From the above simulation results we can conclude that, the use of a frequency increment Δ f in each subarray can provide a range-dependent beampattern. Taking case (5) as an example, the beampattern at a far field observation with angle θ and range r can be represented by
where the element factor is omitted since only the array pattern is the subject of our analysis. The normalized beamformer response is
Therefore, the range-dependent beampattern can provide local maxima at different ranges. Suppose the following parameters: M = N = 15, f 0 = 10 GHz, Δ f = 30 kHz and L = 0.5λ, Figure 7 shows the corresponding transmit beampattern when compared to the conventional phased-array. It can be noticed that the use of frequency increment in each subarray offers a range-dependent beampattern. We further investigated the case when the subarrays are displaced more than a half wavelength apart from each other. As an example, L = 1.5λ is chosen. The corresponding comparative transmit beampattern is shown in Figure 8 . Each beampattern is repeated three times within the spatial domain due to spatial aliasing. This is because the interelement spacing is three times half a wavelength. Range-dependent beampattern can also be noticed from the frequency diverse array. This range-dependent beampattern may provide many potential advantages. Typical applications include suppressing rangedependent clutter [37] and improving range resolution for synthetic aperture radar (SAR) [44, 45] .
Conclusion
This paper proposes a flexible phased-array MIMO array antenna with beamforming on transmit, which applies frequency diversity to the phased-MIMO array. This approach divides the transmit antenna array into multiple subarrays that are allowed to overlap, each subarray coherently transmits a distinct waveform, which is orthogonal to the waveforms transmitted by other subarrays, at a distinct transmit frequency. That is, a small frequency increment is employed in each subarray. Each subarray forms a directional beam and all beams may be steered to different directions. The subarrays jointly offer flexible operating modes such as MIMO array which offers spatial diversity gain and phased-array which offers coherent directional gain. Besides combining the advantages of phased-array in directional gain and MIMO array in spatial diversity gain, this system also offers range-dependent beampatterns which provides many new application potentials. The system model and transmit/receive beamforming are derived. Several practical issues related to this new array are also investigated. The system performance is examined by analyzing the transmitreceive beampatterns. The proposed approach is validated by numerical simulation results. In this paper, only nonadaptive beamforming algorithms are considered. If an adaptive beamforming algorithm is used. There is a technical challenge to obtain the effective covariance matrix because the transmit beampattern is range dependent. This topic will be further investigated in our subsequent work.
